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The exact solutions of problems about bending of the corrugated beam are found and illustrated as an
application to undulated yarns. The analysis of the solutions reveals the peculiarities of the projections
of forces, moment and displacements on the axis equidistant to the tops of the crimp. These peculiarities
permit to apply the asymptotic homogenization method to predict the mechanical properties of the cor-
rugated beams. For this purpose the equilibrium equations and constitutive relations are derived in terms
of projections. The effective elastic coefﬁcients for bending and tension are obtained. The crimp proﬁle
providing the highest tensile stiffness of the beam is evaluated.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The model of a corrugated (undulated) beam has an application
to the prediction of the mechanical response to deformations of
undulated yarns - the constituents of woven ﬁbrous reinforce-
ments of composite materials. The key role lies in their undulated
interlaced structure within the fabric that permits to shape the ﬁ-
brous material to different forms, prior to obtaining a ﬁnal com-
posite part. The elements of the widely applicable lattice
reinforced concrete structures can also be modeled as corrugated
beams.
The conventional investigation of the stress–strain state of the
corrugated beam requires the differential equations with variable
coefﬁcients to be solved. When the number of crimp waves is high,
the straightforward numerical resolution of these equations by the
FEM (Cherouat and Billoët, 2001; Magno and Lutz, 2002; Boisse
et al., 2000) or the sweep method (Grigorenko et al., 2011) causes
signiﬁcant computational difﬁculties. Consequently, the straight-
forward numerical methods are as a rule applied to problems with
a small number of crimp waves (Grigorenko et al., 2011; Hong and
Ren-huai, 2003; Hong and Ren-huai, 2007). Besides, this way of
calculation does not allow setting the problem of optimal
design of structures. The energy-based approach was employedll rights reserved.
; fax: +33 (0)3 27 71 29 81.
yerko).in Sinoimeri (1993) and Boubaker et al. (2008). Such approach en-
ables to determine well the global characteristics of the system, for
instance, the displacements. However, it runs into difﬁculties while
calculating the fast variable components of the stress–strain state.
In Andrianov et al. (1998), Manevitch et al. (2002), and Andrianov
et al. (2009) the scheme for the analysis of the stress–strain state of
plates with the crimp in one direction was suggested. It was based
on the equilibrium equations expressed in terms of projections of
forces, moments, and displacements on the axes of the plane
equidistant from the tops of the crimp. The displacements were
subdivided into the bending and the tangential ones, and were
found by the asymptotic homogenization method (Bergman
et al., 1985; Jikov et al., 1991). The latter was also employed in
Arkhangel’skii and Gorbachev (2007) for modeling of the plates
with the two-dimensional crimp. In Sheshenin (2006) the plates
with the two-dimensional crimp were investigated with the help
of the same scheme, but the cell problem (on one half-wave of
the crimp) was solved numerically. In the modiﬁed form the
homogenization scheme was proposed by Potier-Ferry and Siad
(1992) and then applied by Haussy et al. (2004) for modeling of
undulations of the yarn subjected to the tensile loading. However,
there was no exact solution of the deformation problem presented,
which did not allow to prove the a priori selected asymptotic esti-
mations of the employed expansions of forces, moments, and dis-
placements. Besides, the stated equilibrium equations did not
account for the tangential force, thus the loading normal to the
E. Syerko et al. / International Journal of Solids and Structures 50 (2013) 928–936 929curvilinear axis of the yarn was considered. However, such type of
loading is realizable only from the interior or exterior pressure ap-
plied to a plate or a shell. It is questionable to be realizable for the
yarn, especially with the high crimp.
The objective of the present work is a justiﬁcation and estima-
tion of the accuracy of the method of analysis of the corrugated
structures (Andrianov et al., 1998, 2009; Manevitch et al., 2002)
illustrated by the problem that has an exact solution – the defor-
mation of the corrugated beam. In Section 2 the exact solution is
obtained using the theory of curvilinear beams (Timoshenko,
1976). Based on the analysis of exact solution, the scheme for the
calculation of the stress–strain state, owning an advantage of sim-
pler derivations compared to the ones performed by Potier-Ferry
and Siad (1992) and Haussy et al. (2004), is proposed in Section 3.
It consists of the equations formulated in terms of projections of
forces, moments, and displacements on the axis equidistant from
the tops of the crimp, to which the homogenization method is ap-
plied. The effective elastic coefﬁcients for tension and bending are
determined. In Section 4 the design problems are set from the
standpoint of the optimal tensile stiffness of the beam. Further
directions for the improvement of elastic properties of the corru-
gated beams are outlined. Finally, the obtained results are brieﬂy
summarized in Conclusions.
2. Governing relations and exact solution
The problem of bending of the corrugated beam (Fig. 1) is under
consideration. The beam axis represents a plane curve. One of the
principal axes of inertia of the beam transverse cross-section be-
longs to the plane ða; zÞ; all external forces act within this plane
too. Therefore, the beam axis remains a plane curve after the defor-
mation. Such problem is statically determinated.
The equilibrium equations of the curvilinear beam read
(Timoshenko, 1976):
1
A
dN
da þ QR ¼ Pt;
1
A
dQ
da  NR ¼ Pn;
1
A
dM
da  Q ¼ 0;
ð1Þ
where N;Q ;M are the tangential force, transverse shear force, and
bending moment respectively, Pt ; Pn are the components of the dis-
tributed external load; R is the radius of curvature; A is the ﬁrst qua-
dratic form of the curvilinear beam axis:
A ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ dz
da
 2s
;
1
R
¼  1
A3
d2z
da2
; ð2Þ
z ¼ zðaÞ is the equation of the curvilinear beam axis; Oa is the axis
equidistant to the tops of the crimp; ½O; L is the projection of the
curvilinear axis on the axis Oa.
As a rule, a periodical crimp, for which the integral of the func-
tion describing the crimp shape taken along one period equals
zero, is under consideration in the knownworks. It should be noted
that the suggested approach explained below is not limited by this
constraint. The tangential and transverse shear forces can beFig. 1. Corrugated beam z ¼ H sin 2pnaL ;n ¼ 5;u is the angle between the tangent to
the curvilinear beam axis and a axis.excluded from the system (1), which results in the following
equation:
1
A
d
da
R
A
d
da
1
A
dM
da
  
þ 1
AR
dM
da
¼ Pt þ 1A
dðRPnÞ
da
: ð3Þ
Using the change of variable
du ¼ A
R
da ð4Þ
Eq. (3) can be reduced to the equation with constant coefﬁcients:
d2G
du2
þ G ¼ PtR ddu ðRPnÞ; ð5Þ
where u is the angle between the tangent t and a axis (Fig. 1),
cosu ¼ A1;
G ¼ 1
R
dM
du
¼ 1
A
dM
da
¼ Q : ð6Þ
For the dead weight loading:
Pn ¼ P cosu; Pt ¼ P sinu; P ¼ const ð7Þ
the solution of the Eq. (5) will read:
G ¼ C1 cosuþ C2 sinuþ P cosu
Z u
0
Rdu; ð8Þ
where C1;C2 are arbitrary constants.
Without the loss of generality, the undulations are supposed to
be described by the sinusoidal function (Fig. 1)
z ¼ H sin 2pna
L
; ð9Þ
where H;n are the crimp height and the number of waves respec-
tively. Thus after the transition to the nondimensional coordinate
x ¼ 2pa=L;0 6 x 6 2p, the solution (8) can be obtained in the form:
G ¼ ð1þ p2 cos2 nxÞ12 C1 þ C2p cosnx n1P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
Eðnx; kÞ
 
; ð10Þ
where p ¼ H=l; l ¼ L=ð2pnÞ; P ¼ LP=2p; k ¼ p=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
; Eðnx; kÞ is the
elliptical integral (Abramowitz and Stegun, 1965).
The cantilevered beam, with one edge clamped at x ¼ 0 and one
free edge at x ¼ 2p, is considered. The following boundary condi-
tions for the dead weight loading (7) should be therefore satisﬁed:
x ¼ 0 : N ¼ U sinu0; G ¼ U cosu0; M ¼ ULp cosu0;
x ¼ 2p : N ¼ 0; G ¼ 0; M ¼ 0;
ð11Þ
here U is the force at the edge x ¼ 0; L ¼ L=2p; u0 is the initial an-
gle between the tangent and the beam axis.
Replacing G in the boundary conditions (11) with the expres-
sion (10), the equations for the determination of the integration
constants C1;C2 can be obtained. The ﬁnal expressions for the
bending moment and the tangential force, after the determination
of the integration constants, are as follows:
M ¼ LP
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p 1
2
1 1
4
k2  3
64
k4    
 
ðx2  4pxþ 4p2Þ

þn
2
8
k2 þ 1
4
k4 þ   
 
sin2 nxþ 1
2
1
32
k4 þ   
 
sin2 2nxþ   
 
ð12Þ
N ¼ P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
p cosnxð1þ p2 cos2 nxÞ12
 1 1
4
k2  3
64
k4    
 
ð2p xÞ  n
1
8
k2 þ 1
4
k4 þ   
 
sin 2nx 1
32
k4 þ   
 
sin 4nxþ   

ð13Þ
For the simpliﬁcation of derivations the k-convergent series for the
elliptic integral Eðnx; kÞ (Abramowitz and Stegun, 1965) are used in
(12) and (13).
Table 1
Undulated yarns characteristics.
Lineal
weight, kg/m
Crimp
amplitude H, m
Projected crimp
wavelength 2pl, m
Twill-weave 1/
3 yarn
0.00476 0.00077 0.0313
Plain-weave
yarn
0.00058 0.00023 0.0063
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lated and compared for bending of two types of materials – E-glass
yarns, extracted from the fabric preserving their undulated form,
which can be considered as corrugated beams (Haussy et al.,
2004). The length L ¼ 0:24 m is ﬁxed for both types of yarns,
whereas they own different lineal weight and geometrical descrip-
tion of the crimp (Table 1 – the measured yarns data come from
the work (Syerko et al., 2012). Namely, one type of yarns (twill-
weave 1/3 fabric yarn) has one order higher lineal weight, one or-
der higher crimp wavelength as well as crimp amplitude compared
to the second type (plain-weave fabric yarn).
The difference in parameters of two yarns affects the values of
the moment and the tangential force via the quantities P and n.
Fig. 2a, 2b shows that the bending moment and the tangential
force for the twill-weave 1/3 yarn are one order higher than for
the plain-weave yarn. The parameter that mainly causes the differ-
ence between the bending moments of these two types of yarns is
their lineal weight because the expression for the moment depends
linearly on the yarns own weight, which is one order higher for the
twill-weave 1/3 yarn.
The presence of regions with compressive forces on the dia-
grams for N (Fig. 2a) points out on an interesting fact that the cor-
rugated beam can have the local loss of stability in bending, and
this is more signiﬁcant near the beam’s clamping point. The
mechanical condition of the loss of stability is exceeding by the
compressive stresses the value of the critical load of instability in
some regions of the beam. The performed preliminary analysis
has shown after the calculation that in the considered cases the
loss of stability does not take place. However, in the work (Syerko
et al., 2012) the experimental data on bending of twill-weave 1/3
yarns give the evidence of local buckling of yarns with high lengths
near the clamped edge. Thereby the question about the local loss of
stability requires further investigation.Fig. 2. (a) Tangential force and (b) bending moment along the beam length forChanging the boundary conditions gives the following expres-
sions of the moment and tangential force for the simply supported
beam:
M ¼ LP
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p 1
2
1 1
4
k2  3
64
k4    
 
ðx2  2pxÞ

þn
2
8
k2 þ 1
4
k4 þ   
 
sin2 nxþ 1
2
1
32
k4 þ   
 
sin2 2nxþ   
 
ð14ÞN ¼ P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
p cos nxð1þ p2 cos2 nxÞ12 1 1
4
k2  3
64
k4    
 
ðp xÞ

n
1
8
k2 þ 1
4
k4 þ   
 
sin 2nx 1
32
k4 þ   
 
sin 4nxþ   
 
ð15Þ
The transverse shear force can be obtained by the formulas (6) and
(10).3. Homogenization approach
Comparing and analyzing the expressions for forces and
moments for the clamped at one edge and for the simply
supported beam, and taking into account that cosu ¼ ð1þ p2
cos2ðnxÞÞ1=2; sinu ¼ p sinðnxÞð1þ p2 cos2ðnxÞÞ1=2 one can conclude
that for both types of boundary conditions the expressions for
forces and moments have the following form:
N ¼ sinuðN0ðxÞ þ n1N1ðnxÞÞ;
Q ¼ cosuðQ0ðxÞ þ n1Q1ðnxÞÞ;
M ¼ M0ðxÞ þ n2M1ðnxÞ;
ð16Þ
here functions N0ðxÞ;Q0ðxÞ;M0ðxÞ depend on the load, on the form of
undulations and on boundary conditions; N1ðnxÞ;Q1ðnxÞ;M1ðnxÞ are
periodic functions with the period 2p=n that do not depend on
boundary conditions.
It should be noted that the oscillation of the bending moment is
not visually seen on Fig. 2b because the oscillating component
n2M1 in the expression for the bending moment (12) for the type
of loading considered is much smaller than the homogenized com-
ponent M0. In the homogenization theory of heterogeneous struc-
tures (Manevitch et al., 2002) the components N0;Q0;M0
correspond to the homogenized solution, while the components
N1;Q1;M1 correspond to the cell problem.two kinds of yarns: of plain-weave balanced and of twill-weave 1/3 fabric.
Fig. 3. Projections of internal forces on the axes Ox and Oz.
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axes Ox;Oz (Fig. 3). They can be expressed in terms of tangential
force and transverse shear force of the beam as follows:
Nx ¼ N cosuþ Q sinu; Qz ¼ Q cosu N sinu: ð17Þ
Substituting the expressions (6), (10), (13) into Eqs. (17) one can ob-
tain the projections of internal forces for the cantilever bending of
the beam under dead weight (7) in the form:
Nx ¼ 0;
Qz ¼ P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
1 1
4
k2  3
64
k4    
 
ð2p xÞ  n
1
8
k2 þ 1
4
k4 þ   
 
sin 2nx 1
32
k4 þ   
 
sin 4nxþ   

:
ð18Þ
For the comparative analysis, one can obtain the ultimate
expressions for the projections of internal forces and bending mo-
ment (from (12)) for the simply supported beam subjected to the
load Pt ¼ const; Pn ¼ const:
Nx ¼ ðp xÞ Pt  n1p sinnx Pn; Qz ¼ ðp xÞ Pn  n1p sinnx Pt;
M ¼ L
Pn
2
2px x2 þ n2p2 sin2 nx
 
 n1 Ptðp xÞp sinnx
 
:
ð19Þ
Obviously, for all types of external loading and boundary condi-
tions considered the formulation for the projections of internal
forces and the bending moment can be expressed as:
Nx ¼ Nx0ðxÞ þ n1Nx1ðnxÞ; Qz ¼ Qz0ðxÞ þ n1Qz1ðnxÞ;
M ¼ M0ðxÞ þ n1M1ðnxÞ þ n2M2ðnxÞ;
ð20Þ
where Nx1;Qz1;M1;M2 are periodic functions with the period equal
to the crimp wavelength 2p=n.
These properties of the projections of internal forces and bend-
ing moment of the corrugated beam allow applying the homogeni-
zation method (Manevitch et al., 2002). The equilibrium Eq. (1) are
re-projected on axes Ox;Oz. The internal forces are expressed in
terms of their projections with the help of relations (17) as follows:
N ¼ Nx cosu Qz sinu; Q ¼ Qz cosuþ Nx sinu: ð21Þ
Substituting the expression (21) into ﬁrst two equations of the sys-
tem (1) one obtains:
dNx
dx
¼ ALPx; dQzdx ¼ ALPz; ð22Þ
where Px ¼ Pt cosuþ Pn sinu; Pz ¼ Pn cosu Pt sinu represent the
projections of external load on axes Ox;Oz.
Let us introduce the moment of internal forces of the beamwith
respect to the axis Ox:
Mx ¼ M  zNx ð23Þ
The expression for its deﬁnition can be found from the system of the
equilibrium Eqs. (1) and (22):
d2Mx
dx2
 L d
dx
ðbNxÞ ¼ L2Pz ð24Þ
Accounting for the relation (22) the Eq. (24) can be rewritten as
follows:d2Mx
dx2
¼ L ALPz þ ddx ðzAPxÞ
 
: ð25Þ
Thus the obtained equilibrium Eqs. (22) and (25) expressed in
terms of projections of internal forces and bending moment with
respect to the axes Ox;Oz are substantially simpler, i.e. do not have
variable coefﬁcients, than the governing equilibrium Eq. (1). Phys-
ically Eqs. (22) and (25) represent the equilibrium equations of the
straight beam subjected to the ‘‘equivalent’’ loading, providing the
equality of internal forces and bending moment with the ones in
the corrugated beam.
An important advantage of modeling of corrugated structures
with the help of projections of forces and moment is a possibility
to solve the equations expressed in projections by the homogeniza-
tion method well developed for the heterogeneous structures
(Andrianov et al., 1998).
Let us distinguish two spatial scales: microscopic scale associ-
ated with the size L=n of a periodically repeated unit cell, and mac-
roscopic scale associated with the length L. Supposing L=n L, a
small parameter n1 that characterizes the rate of heterogeneity
of the problem is deﬁned. Instead of the coordinate variable x let
us introduce the so-called global x and local n ¼ nx coordinates
(for the global coordinate the previous notation x is kept). Hence
the differential operator will take the form:
d
dx
¼ @
@x
þ n @
@n
: ð26Þ
The projections of forces and moment are expressed in terms of
the following expansions:
Nx ¼
X1
k¼0
nkNxkðx; nÞ; Qz ¼
X1
k¼0
nkQzkðx; nÞ; Mx ¼
X1
k¼0
nkMxkðx; nÞ:
ð27Þ
Substituting the relations (26) and (27) into the equilibrium
Eqs. (22) and (24) collecting the terms with the equal powers n,
one can obtain the recurrent equations system after the
homogenization:
dNx0
dx
¼ LmðAPxÞ; dQz0dx ¼ LmðAPzÞ; ð28Þ
@Nx1
@n
¼ LðAPx mðAPxÞÞ; @Qz1
@n
¼ LðAPz mðAPzÞÞ; ð29Þ
d2Mx0
dx2
¼ LmðAPzÞ; @
2Mx1
@n2
¼ L @b
@n
Nx0; ð30Þ
@2Mx2
@n2
¼  @
2Mx1
@n@x
þ @
@n
ðbNx1Þ þ L2ðAPz mðAPzÞÞ; ð31Þ
where mð. . .Þ ¼ 12p
R 2p
0 ð. . .Þdn is a homogenizing operator.
It should be noted that the deﬁnition of the projections of forces
and moment in terms of asymptotic expansions (27) with the help
of the recurrent equations system (28)–(31) turns out to be easier
in comparison to the exact Eq. (1). In the general case the solution
is represented in the form of asymptotic series with an inﬁnite
number of terms. However, in the considered model example the
inﬁnite series in asymptotic expansions terminates and its several
terms give an exact solution. Thus accounting only for the ﬁrst cor-
rections for forces Nx1;Qz1, and for the ﬁrst and second corrections
for the moment Mx1;Mx2 gives an exact solution for the problems
described above.
Let us consider the small deformations of the corrugated beam.
The tangential and bending strains can be deﬁned according to the
Hooke’s law (Timoshenko, 1976)
1
A
du
dx
þwL
R
¼ NL
EF
;
1
A
d
dx
1
A
dw
dx
 uL
R
 !
¼ ML
2
EI
; ð32Þ
932 E. Syerko et al. / International Journal of Solids and Structures 50 (2013) 928–936where u;w are the displacements along axes n; t; E is the elastic
modulus of the material of the beam; F and I are the area and the
moment of inertia of the beam transverse cross-section respec-
tively, they are assumed to be constant in the sequel.
The straightforward resolution of the system of differential
equations with variable coefﬁcients (32) encounters difﬁculties. If
namely the projections of displacements ux;wz on axes Ox;Oz are
chosen to be the ones sought-for, the problem of the displacements
deﬁnition can be simpliﬁed:
ux ¼ u cosuw sinu ¼ u bwA ;
wz ¼ w cosuþ u sinu ¼ wþ buA ; ð33Þ
where b ¼ dz=da.
The Hooke’s law (32) in terms of projections of displacements
(33) will take the form:
1
A2
dux
dx
þ bdwz
dx
 
¼ NL
EF
;
1
A
d
dx
1
A2
dwz
dx
 bdux
dx
  
¼ ML
2
EI
: ð34Þ
The system of Eqs. (34) can be integrated:
ux ¼ LEF
Z
Ndx L
2
EI
Z
b
Z
AMdxdx C1
L
zþ C2;
wz ¼ L
2
EI
ZZ
AMdxdxþ L
EF
Z
bNdxþ C1xþ C3;
ð35Þ
where C1;C2;C3 are the arbitrary constants deﬁned from the bound-
ary conditions.
The physical relations (34) need also to be ‘‘re-projected’’ in or-
der to close the system of equations describing the stress–strain
state of the corrugated beam in projections of forces and displace-
ments. For this purpose, the expressions (21) and (23) are substi-
tuted into Eq. (34):
1
A
dux
dx
þ b dwz
dx
 
¼ L
EF
ðNx  bQzÞ;
1
A
d
dx
1
A2
dwz
dx
 b dux
dx
  
¼ L
2
EI
ðMx þ zNxÞ:
ð36Þ
Due to the linearity of Eq. (36), a part of displacements ux;wz
caused by the longitudinal force Nx : ðutx;wtzÞ can be separated from
the part caused by the bending moment Mx : ðubx ;wbz Þ:
ux ¼ utx þ ubx ; wz ¼ wtz þwbz ; ð37Þ
therewith
1
A
dutx
dx
þ bdw
t
z
dx
 !
¼ NxL
EF
;
1
A
d
dx
1
A2
dwtz
dx
 b du
t
x
dx
 ! !
¼  L
2
EI
zNx; ð38Þ
1
A
dubx
dx
þ b dw
b
z
dx
 !
¼ QzLb
EF
;
1
A
d
dx
1
A2
dwbz
dx
 b du
b
x
dx
 ! !
¼ MxL
2
EI
: ð39Þ
Let us perform an asymptotic analysis of the Eqs. (38) and (39).
To this effect the order of magnitude of the displacements utx;u
b
x is
estimated with respect to the displacements wtz;w
b
z . Therefore, two
test cases have been considered (Fig. 4b).Fig. 4. Test cases for (a) tenThe ﬁrst one concerns the longitudinal deformation: the longi-
tudinal force P at the edge is acting on the cantilevered corrugated
beam. The second one concerns pure bending: the free end of the
beam is subjected to the moment M0. Analysis of the exact solu-
tions of these test cases (the expressions are presented in A) shows
that the displacements in the relations (38) and (39) can be ex-
pressed as the following expansions:
utx ¼ utx0ðx; nÞ þ n1utx1ðx; nÞ þ    ;
wtz ¼ n1wtz1ðx; nÞ þ n2wtz2ðx; nÞ þ    ;
ubx ¼ n1ubx1ðx; nÞ þ n2ubx2ðx; nÞ þ    ;
wbz ¼ wbz0ðx; nÞ þ n2wbz1ðx; nÞ þ    ;
ð40Þ
where utx0  utx1  wtz1  wtz2  NxL=ðEFÞ;ubx1  ubx2  wbz0  wbz1 
MxL2=ðEIÞ;utx1;wtz1;wtz2;ubx1;ubx2;wbz1 are n-periodic functions with
the period 2p. After substituting the asymptotic expansions of
forces and moment (27) and displacements (40) into physical rela-
tions (38), (39), and collecting the terms with equal powers of n,
taking into account the differential operator (26) one obtains:
Nx0¼ EF meK 1 1dutx0dx ; M0¼ EI mAð Þ1d
2wbz0
dx2
;
@utx1
@n
¼
eK 1meK 1
meK 1 du
t
x0
dx
;
@2wbz1
@n2
¼AmA
mA
d2wbz0
dx2
; ubx1¼nz
dwbz0
dx
;
ð41Þ
where eK 1ðnÞ ¼ 1A bFI R zAdn.
The coefﬁcients in the ﬁrst two equations of the system (41)
represent the so-called effective elastic coefﬁcients: of tension
(compression) EF=meK 1 and bending EI=mA. The effective elastic
coefﬁcients are the elastic properties of a certain equivalent
straight beam whose deformations are close to the deformations
of the corrugated beam.
For the regular and symmetrical with respect to the axis Ox
crimp with zð0Þ ¼ zð2pÞ ¼ 0 the expression for meK 1 with the help
of the partial integration can be rearranged in the form:
meK 1 ¼ FpI
Z p
0
z2Adnþ 1
p
Z p
0
1
A
dn: ð42Þ
The fact that Eq. (42) contains two parts can be explained from
the physical point of view. The longitudinal deformation of the cor-
rugated beam is realized by two mechanisms. The ﬁrst one is the
bending of the curvilinear beam axis during its straightening (or
compaction). This mechanism is deﬁned by the ﬁrst term in the
relation (42). The second mechanism concerns the extension
(shortening) of the curvilinear beam axis. The magnitude of this
constituent of the longitudinal deformation is deﬁned by the sec-
ond term in the relation (42). These two mechanisms are equiva-
lent only for the beams with low crimp, thus both terms in the
right-hand side of Eq. (42) are of the same order of smallness in
this case. In case of highly crimped beams the ﬁrst term in Eq.
(42) is essentially greater than the second one.
For the estimation of the obtained results, let us compare the
derived effective coefﬁcients of bending and tension and those ob-
tained in the work (Potier-Ferry and Siad, 1992), which did not
take into account the presence of the tangential force. Rising fromsion and (b) bending.
Table 3
Comparison of the effective tensile coefﬁcient for the two types of corrugated beams
(in Newtons).
Sinus
beam
Zigzag
beam
EF=meK1 (Present model) 42.62 56.56
Potier-Ferry and Siad (1992) 42.64 56.56
Computational homogenization (Cartraud and
Messager, 2006)
42.63 57.45
Table 2
Comparison of meK 1 of the effective tensile modulus and its analog in Potier-Ferry and
Siad (1992) and Haussy et al. (2004).
Non-dimensional term of ðEFÞeq
Potier-Ferry and Siad (1992) mðcos2 uÞ
mðcosuÞ þ FI  mðz
2Þ
mðcosuÞ
meK1 mðcosuÞ þ FI m z2cosu 
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rived in our methodology and in Potier-Ferry and Siad (1992) coin-
cide, as opposed to the effective coefﬁcients of tension ðEFÞeq, in
which the homogenized term for each of the cases has the form gi-
ven in Table 2. The difference between the expressions lies in the
homogenized terms that are related to the geometrical shape of
the crimp. In Cartraud and Messager (2006) the comparison of
effective elastic coefﬁcients obtained by the computational
homogenization and calculated according to Potier-Ferry and Siad
(1992) for the corrugated beam of the sinusoidal and zigzag shape
is presented. The calculations were realized with the following
parameters: l ¼ 100 mm, H ¼ l=4; E ¼ 200 GPa, and a square trans-
verse cross-section with the dimension 1 mm. Table 3 shows the
values of ðEFÞeq calculated by the two aforementioned approaches
and the one obtained by our model.
The effective coefﬁcient of tension ðEFÞeq ¼ EF=meK 1 equals the
one calculated according to Potier-Ferry and Siad (1992) for the
zigzag beam because in this case the homogenizing operator is ap-
plied to the quantities that remain constant on the appropriate
segments, i.e. cosu; cos2u, and thus in the same way in Potier-
Ferry and Siad (1992) and in our model. Meanwhile, the difference
between values is observed for the sinusoidal crimp. Since ðEFÞeq,
obtained by the present approach, is derived from the expansions
based on the exact solution, the employment of EF=meK 1 will beFig. 5. Trend of the effective coefﬁcient of tension with the variation of the geometrica
dimension of its transverse cross-section b.more accurate. It should be especially important in the case of high
crimp H=lP 0:25 because the present model takes into account
the tangential stresses, unlike (Potier-Ferry and Siad, 1992; Haussy
et al., 2004).
The question about the impact of corrugation on the tensile re-
sponse of a corrugated beam during its longitudinal deformation is
important (Boubaker et al., 2007, 2008). Thereby in the sequel some
results of the analysis of inﬂuence of parameters deﬁning twodefor-
mation mechanisms described above are given. Assuming that the
transverse cross-section of the beam has the elliptical shape (like
in yarns) with the minor semi-axis b, the moment of inertia I is ex-
pressed via the cross-sectional area S as follows: I ¼ S  b2=4. Thus
1=meK 1 depends on the geometrical ratios H=b and H=l:
1
meK 1 ¼ 11
p
R p
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2pHl cos nð Þ2
q dnþ 4p  Hb 2 R p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2pHl cos n
 2r
sin2 ndn
ð43Þ
If the ratio H=b is ﬁxed, the effective coefﬁcient of tension is
lower for the higher crimp (Fig. 5a). The same tendency is observed
for 1=meK 1 with the increase of the ratio H=b (provided that H=l is
ﬁxed), i.e. the bigger the height of the crimp in comparison to its
transverse cross-section dimensions, the lower 1=meK 1 (Fig. 5b).
In order to analyze which of the two geometrical ratios impacts
1=meK 1 the most, the values of both parameters in turns are varied
by 20%, and the relation
1
meK 1ðparameterÞ  1meK 1ðparameter þ 20%Þ
1
meK 1ðparameter þ 20%Þ
 100% ð44Þ
is estimated. The second of two parameters is maintained ﬁxed, and
several curves are calculated for several ﬁxed values. No matter
which range of values of H=b is considered, with the variation of ra-
tio H=b (indicated on the scale in Fig. 6) by 20% (increase by 20%),
the value of 1=meK 1 always varies between 42.8% and 44%, i.e. a con-
siderable percentage of change in comparison to 20% (Fig. 6). And
the fact whether the crimp is low or high inﬂuences the sensitivity
of variation of 1=meK 1 to the H=b range: the higher the crimp, the
less sensitive the 1=meK 1 value to the way the cross-section size
changes.l ratio of (a) crimp height H to its wavelength l; (b) crimp height H to the vertical
Fig. 6. Sensitivity of 1=meK 1 to the 20%-variation of the ratio Hb with the ﬁxed ratio Hl .
Fig. 7. Sensitivity of 1=meK 1 to the 20%-variation of the ratio Hl with the ﬁxed ratio Hb.
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the crimp ratios H=l (Fig. 7). With the variation (increase) by 20% of
H=l (indicated on the scale in Fig. 7), 1=meK 1 can vary by only 1%, or
can vary by 20% depending if the crimp is low or high. The higher
the crimp, the more the 1=meK 1 value changes. The ratio H=b be-
tween the crimp height and the cross-section dimension does
not really impact the sensitivity of variation of 1=meK 1 to the H=l
range. Therefore, according to the performed analysis, the effective
tensile stiffness can be varied more considerably via the change of
the relation H=b of the crimp height and the dimension of the
transverse cross-section.Fig. 8. Optimal proﬁle of the crimp half-wave for r ¼ 0:4;0:6;0:8, the criss-crosses
depict the sinusoidal proﬁle of the same arc length.4. Design problems
One of the main advantages of the foregoing approach for the
prediction of the stress–strain state of corrugated structures is
the possibility to set and solve the problems of optimal design.
These problems come to the choice of the crimp proﬁle shape that
provides the required mechanical characteristics of the corrugated
structures. In this section the concern is the choice of the shape of
the regular crimp that gives the highest or the lowest value of the
effective elastic moduli in (41) when the total length of the crimp
curvilinear axis is ﬁxed. Due to the symmetry and periodicity of the
crimp proﬁle, this optimization comes to the formulation of the
problem on one half of the crimp wavelength.So the problem is formulated as to determine the crimp proﬁle
zðnÞ of the one half of the crimp wavelength (0 6 n 6 p) (Fig. 8)
that ensures the highest longitudinal beam stiffness with the mate-
rial mass and crimp wavelength ﬁxed. The major contribution to
the longitudinal deformation is brought by the displacement utx0.
This displacement can be identiﬁed from the ﬁrst equation of the
system (41), from which it can be deducted that the maximal ten-
sile stiffness is ensured by the crimp proﬁle when meK 1 ¼ min is
satisﬁed. Here the design problem is considered for the highly
crimped structures, i.e. when the ﬁrst of the two aforementioned
deformation mechanisms prevails over the second one, and thus
the second term in the right-hand side of the expression (42) for
meK 1 can be neglected. Hence the design problem can be more pre-
cisely formulated as follows: to deﬁne the shape of the crimp (with
the constrained material mass and curvilinear length) that pro-
vides the minimal decrease of crimp of the curvilinear beam axis
during longitudinal deformation. Therefore, the corresponding iso-
perimetric problem of the variational calculus is set in the form
(accounting for the relation (42) and adopted non-dimensional
variables):Z p
0
z2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ q2  z2n
q
dn! minz; ð45Þ
Z p
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ q2  z2n
q
dn ¼ l0; ð46Þ
where zn ¼ dzdn ; q ¼ 2pl ;l is the length of the projection of the one half
of the crimp wave; l0 is the arc length of the one half of the crimp
wave. The isoperimetric condition (46) ensures the constancy of
the arc length of the crimp wave.
The periodical crimp is considered. Particularly the crimp, for
which the integral of the function describing its shape taken along
one period equals zero. For such crimp the problem (45) and (46)
should be completed by the boundary conditions:
zð0Þ ¼ zðpÞ ¼ 0: ð47Þ
The corresponding Euler equation for the variational problem
(45) and (46) reads:
ðz2 þ kÞq2  znn  2q2  zz2n  2z ¼ 0: ð48Þ
where k is a constant identiﬁed from the condition (46).
Solving Eq. (48) by the order reduction method and satisfying
the ﬁrst boundary condition (47), one obtains:
z ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkþ cÞ
p
sn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c  kp
c
n
q
;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kþ c
k c
r !
; ð49Þ
where snð. . .Þ is the elliptic sine (Abramowitz and Stegun, 1965); the
constant of integration c is determined from the second boundary
condition (47).
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tained when the crimp proﬁle owns the form of the elliptic sine.
Let us deﬁne the way the effective elastic modulus (42) changes
after replacing the sinusoidal proﬁle (9) of the crimp by the opti-
mal one (49), keeping the wavelength of the crimp the same.
After substituting the expression (49) in the second boundary
condition (47) from the relation for the period of the elliptic sine
(Andrianov et al., 2007) one obtains:ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c  kp
c
p
q
¼ 2KðrÞ; ð50Þ
where KðrÞ is the complete elliptic integral of the ﬁrst kind; r ¼
ﬃﬃﬃﬃﬃﬃ
kþc
kc
q
is the modulus of the elliptic integral.
The undeﬁned constants c; k are expressed in terms of the mod-
ulus r with the help of Eq. (50). Their subsequent substitution into
Eq. (49) gives the equation for the optimal crimp proﬁle in incre-
ments of 2p:
z ¼  prð1 r2ÞqKðrÞ sn 2KðrÞ
qn
p
; r
 
; ð51Þ
where the parameter r deﬁnes the arc length of the crimp wave.
Fig. 8 depicts the optimal proﬁle (51) for r ¼ 0:4;0:6;0:8. The
criss-crosses display the corresponding sinusoidal proﬁles of the
same arc length.
As it was shown above, the elastic modulus (42) for a highly
crimped structure is deﬁned by the quantity J (45). Substituting
the expressions (9) and (51) into Eq. (45) we can identify J values
for the sinusoidal proﬁle Js and for the optimal one Jo. The relative
variation of the modulus (42) reads:
d ¼ Jo  Js
Js
100%: ð52Þ
From (52) one obtains that for the selected values
r ¼ 0:4;0:6;0:8 replacing of the sinusoidal proﬁle with the optimal
one increases the modulus (42) by d ¼ 0:065;0:23;0:365% respec-
tively. Therefore, the sinusoidal proﬁle appears to be quite close to
the optimal one in terms of the longitudinal stiffness.5. Conclusions
The proposed scheme for the calculation of the corrugated beam
stress–strain state in terms of projections of applied forces and dis-
placements on the axis equidistant to the tops of the crimp has been
shown to be more suitable than the ones proposed in the literature
(Potier-Ferry and Siad, 1992; Haussy et al., 2004; Arkhangel’skii and
Gorbachev, 2007; Sheshenin, 2006). Its advantage is a theoretically
justiﬁed possibility to apply the developed multi-scale homogeni-
zation method. An important point is also that this approach per-
mits to simplify the calculation of the stress–strain state of more
complex corrugated structures – corrugated plates and shells. The
fact that the analysis of the stress–strain state is performed in the
analytical form allows to set and to efﬁciently solve the problems
of the optimal design of such structures. In particular, it has been
shown that the sinusoidal crimp proﬁle is close to the optimal
one in terms of optimal tensile stiffness.
The promising direction of further investigations is the develop-
ment of methods for the solution of direct and inverse problems of
modeling structures with functionally graded crimp (Andrianov
et al., 2009; Andrianov et al., 2010; Andrianov et al., 2011), i.e.
the crimp whose wavelength and amplitude vary continuously
by the prescribed law. Such modeling should allow to investigate
the inﬂuence of the external load distribution law and of the
boundary conditions on the crimp shape.Acknowledgments
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Appendix A
For the ﬁrst test case:
N ¼ P
A
; Q ¼ bP
A
; M ¼ zP;
Nx ¼ P; Qz ¼ 0; Mx ¼ 0;
ux ¼ utx; wz ¼ wtz;
ðA:1Þ
that being substituted into Eqs. (35) give:
utx ¼
P
E
1
F
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p 1þ k2
4
þ 9k
4
64
þ   
 !  

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
H2
I
1
2
 3k
2
16
 41k
4
640
k2
4
  
 !!
xþ n1
k2
8F
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p 1þ 3k2
4
þ   
 !

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
H2
I
 
1
4
 k
2
12
 k
4
90
 k
2
4
  
 !
sin 2nxþ k
2
4
  
!!
; ðA:2Þ
wtz ¼
P
E
p
F
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p n1 1þ k2
8
þ   
 !
sinnx k
2
24
þ   
 !
sin 3nxþ   
 ! 
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
H2
I
n2 1 3k
2
8
   
 !
sin nxþ k
2
72
þ   
 !
sin 3nx
 !!
; ðA:3Þ
For the second test case the substitution of expressions
Nx ¼ Qz ¼ 0; Mx ¼ M0;
ux ¼ ubx ; wz ¼ wbz ;
ðA:4Þ
into Eq. (35) results in the following solutions for the
displacements:
ubx ¼
M0
EI
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
n1 1 k
2
4
 3k
4
64
   
 !
x sinnx n2
 
1 5k
2
16
 3k
4
64
 k
2
4
  
 !
ð1 cosnxÞ
 
1
6
k2
2
þ 7k
4
256
þ   
 !
ð1 cos 3nxÞ þ   
!!
; ðA:5Þ
wbz ¼ 
M0
EI
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ p2
p
1 k
2
4
 3k
4
64
   
 !
x2
2
 
þ n2 k
2
16
1þ k
2
4
þ   
 !
ð1 cos 2nxÞ
 
 k
4
1024
þ   
 !
ð1 cos 4nxÞ þ   
!!
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